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1. Introduction 


Hardy’s inequality is an important tool in the study of the spectral properties of 
partial differential equations. This inequality states that for a function / G Cf° (K"), 
n ^ 3 



The corresponding ’’first order” analogue of the Hardy inequality was established by 
Kato and plays an important role in the study of relativistic quantum mechanical 
systems. Specifically, Kato inequality states that for / G Cf°{W^), n ^ 2 



( 1 . 1 ) 


n 


where A = ^k- 

k=l 

The analogue of Hardy’s inequality for a bounded domain C K", n ^ 2 with 
a Lipshitz boundary is 



where pq{x) = minaj^g^n \x — a:o| (Edmunds&Evans (2004) p. 212; see also Davies 
(1984, 1999) and Lewis (1988) for references and details). 

The purpose of this article is to establish the Kato-type inequality for a bounded 
domain Cl C M". Since V—A is a non-local operator, there are three possibilities 
to define the r.h.s. of (1.1) in the case of D C R". One possibility is to use the 
r.h.s. of (1.1) but restrict ourselves only to functions with compact support inside 
H. Another possibility is based on the fact that (see Lieb&Loss (1997)) 
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So we can define the analogue of the r.h.s. of (1.1) for as 


r(^) f 

27 r^ J 


Ifjx) - /(y)p 
\x - y|”+i 


dxdy. 


( 1 . 2 ) 


The third possibility is to consider square root of the internal Dirichlet Laplacian 
operator in the domain 

In this article we consider the first two definitions, since they are more interesting 
for relativistic quantum mechanics (localization of kinetic energy). The case of a 
Kato-type inequality for the square root of the internal Dirichlet-Lapalcian in fact 
follows for nice domains from Hardy’s inequality since 

A^ ^ ^ A^ B 


for operators A,B > 0 (see Birman&Solomjak (1987), Theorem 2, p. 232). 

Let us briefly describe the content of the paper. In section 2 for functions / such 
that supp f C Hi for some Hi C H we show that 


/ 

0x0 


Ifjx) - fiy)\^ 
\x - y|”+i 


dxdy ^ const. 


I/(^)P 

POi (x) 


dx , 


(1.3) 


where pQ.^{x) is the distance from x to i9Hi, i.e. pQ^{x) = min \z — a;|. Later we 

z^dCii 

obtain the inequality 


/ 




Ifjx) - f{y)\^ 

\x - 


dxdy ^ const. 


\fixr 

pn{x){l + |lnpn(a;)|^) 


dx. 


(1.4) 


Initially we prove (1.4) for radial functions (Proposition 1) and then for all / € 
L^(H, C) (Theorem 2). Though we give (1.4) for some restricted class of bounded 
domains H we expect that Theorem 2 is true for more general domains. But we will 
not discuss this in the current article. 


2. Kato-type inequality for functions with compact support. 

Theorem 1. Let Hi be a convex bounded domain such that Hi C H for some 
domain H C M", n ^ 2. We suppose that f G L^(fl,C^) and supp f C Hi. Then 
for some constant ci = ci(H,Hi) > 0 the inequality (1.3) holds. 

In view of the inequality \f{x) — f{y)\ > ||/(a^)| — |/(2/)||) without loss of general¬ 
ity we may assume that f{x) is a real-valued function. Next we apply the Lieb-Yau 
trick (see Lieb&Yau (1988)) to get inequality which is a basic tool in the proofs of 
Theorems 1 and 2. 

Lemma 1. Let K : B x B ^ ]S., h : B ^ M., where B C M’”, m G N. We assume 
that K e L°°{B X B), 

K{x, y) = K{y, x ), K{x,y)^0 (2.1) 

and 

0 < M < hiz) < (2.2) 


Article submitted to Royal Society 



On localization of pseudo-relativistic energy 


3 


for any x,y,z € B and some constant M > 0. Then 

j J {f{x) - f{y)f K{x,y)dxdy^2 J f{x) J K{x,y)(^l-^l^^ dy dx (2.3) 

B B B B 

for any f G L‘^{B) with bounded support. 

Proof. On expanding brackets in the l.h.s. of (2.3) we get 

J J (fix) - f{y)f K{x,y)dxdy (2.4) 

B B 



f K{x,y)dy dx — 2 


f{x)f{y)K{x,y)dxdy. 


B 


B B 


Applying the Cauchy-Schwartz inequality and using (2.1), (2.2) gives 


J J f{x)f{y)K{x,y)dxdy 

B B 



B B 


The inequality (2.3) follows from (2.4) and (2.5). □ 

Corollary 1. Let us suppose that K{x, y) and f{x) satisfy to conditions of Lemma 1 
and supp f C Oi for some Oi C B. Then 

J J (fix)-fiy))'^ K{x,y)dxdy^2 J f{x) J K{x,y)dydx (2.6) 

B B Oi B\Qi 

Proof. An application of Lemma 1 with 


he{z) 


1 if 2 G 
1/e otherwise 


gives 


where 


J J {f{x) - f{y)f K{x,y)dxdy'^2 J f{x)Lsix)dx, 

B B 

Lsix) = J K{x,y)(^l - dy = J K{x,y){l - e) dy . 

B B\Q 


Passing to the limit e ^ 0 completes the proof. 


□ 
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Proof of Theorem 1. In view of Corollary 1 it suffices to prove that 


/ 


dy ^ C 2 

k ~ ^ p{x) 


(2.7) 


for any x £ Tli and some C 2 = C 2 (fl, fli) >0. The convexity of implies that for 
any z G cirii there exists an (n — l)-dimensional plane in R" such that z G 
and TTz n Ill = 0. For any x G fli we take xo = xo(x) such that pni (x) = |x — xo|. 
Let Dxq be the half of K" with boundary Wxg which does not contain fli. Clearly 

f dy ^ f dy 

J |x-2/|"+i ^ J |x-2/|"+i ■ 

n\ni nnr>a,Q 

For any z G we put 


Ki{z) := sup{s > 0 : Bs{z) C Tl} , k := inf ki{z), 


where Bs{z) is a ball with center at z and radius s. From C 12 we conclude that 
K = fli) > 0. Consequently we have 



B^(xo)nD^g 


dy 

|x - y|"+i ■ 


( 2 . 8 ) 


Let us choose Cartesian coordinates (j/i,... ,?/„) in M” with center at Xq and axes 
such that Dxo = {y ■ yi > 0}. Then x = (-pai(x),0) and B^{xo) = {y ■ yf + 
... + yf ^ Making the change of variables yi = pn^ {x)zi,... ,yn = Pdi {x)zn 
in (2.8) gives 


/ 


dy 

\x - y|”+i 


1 f dzi . . . dZn 

Pfli {x) J ((^^ + 1)2 _|_ + . . . + Zn) ^ 

Si 


where 


S'! = {z = (zi,... ,z„) : zi > 0 and zf + ... + z^ ^ K^{pn^{x)) ^}. 
Since is bounded, it follows that for some constant C 3 = C 3 (r 2 i) > 0 

PQi {x) ^ C3 

for all X G rii. Therefore Pq^(x) ^ and so 

S 2 := {z = (zi,..., Zn) : zi > 0 and z^ + ... + z^ ^ C Si. 


Combining the above estimates we obtain (2.7) with 


C2 



dzi ... dzn 

((zi + 1)2+Z2 + ...+z2)^ ■ 


□ 
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3. Lower estimate for the integral representation (1.2). Case 

of radial functions. 

Proposition 1. We suppose that / : ^ and supp f C [0,1). Then for some 

absolute constant C 4 > 0 we get 


(/(N)-/(M))^ 


Bi(0)xBi(0) 


- 2/1 


n+1 


dxdy ^ C 4 




Bi(0) 


(l-N)(l-(ln(l-N))3) 


dx , 


(3.1) 


where Bi{0) C R”, n ^ 2, is a ball with center at the origin and radius R = 1. 


Let us briefly outline the content of this section. The proof of Proposition 1 is 
preceded by proofs of some auxiliary results. In Lemma 2 we show that integral 
on the l.h.s. of (3.1) is equivalent (up to multiplication by a constant) to one¬ 
dimensional integral (3.3). In order to estimate (3.3) from below we apply the 
Lieb-Yau trick (Lemma 1) with test function 


h{r) = 100- (I -r)‘^ 


for uj G (0,1/4) and then integrate in oj both sides of the obtained inequality. Lem¬ 
mas 3, 4 are needed to get lower estimate for the term f K(x, y){l — h{x)/h{y)) dy 

B 

on the r.h.s. of (2.3). At the end of this section we piece together all the lemmas to 
establish Proposition 1. 

Lemma 2. Under the conditions of Proposition 1, for some constant 
C 5 = C 5 (n) > 0 we have 


C 5 I ^ 


ifi\x\)-fi\y\)? 


Bi(0)xBi(0) 


- 2/1 


n+1 


dxdy ^ 23 -^" 7 r ^"-3 cg I, 


(3.2) 


where 


1 1 


(/(O - f{s)f ( rs 


0 0 


(r - sY 


drds. 


(3.3) 


Proof. Let us change the coordinates x,y in the integral in (3.2) to spherical coor¬ 
dinates X = (r,0i,.. y = (s+i,.. where 


r, s G [0,1], 6 * 1 ,..., On-2, 


(pn-2 G [0, Tt] , On-lAn-l G [0, 27r) . 


We choose the direction of the axes in y-space such that the direction of axis 
4>i = 7r/2 coincides with the vector x, i.e the angle between x and y is equal to (fi 
and so 

\x - yY = \xY + |yP - 2|a;||y| cos(/)i. 

Recall that the absolute value of the Jacobian of this change of variables is equal 
to 

(r”“^| sin6»i|"“^ ... I sin6»„_2+ x (s”“+in(()i|"“^ ... | sin(/)„_2+ . 
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It follows that 


-Bi(0)X-Bi(0) 


(/(N)-/(M))^ 

|a; - 


dxdy 


=C6 


(/W - f{s)y 


0 0 0 


(^2 _|_ §2 _ 2rs cos 4>i) 2 


„+i (?'s)" ^|sin(/)i|" drdsd(j)i, 


where 


Co = 


TT / -K 

J I siii0i|”“^ |y I sin 02 1 

0 \o 


'"-3 002) X ... X |sin0„_2|00„_2 


Denote by J(fc) the Euler-type integral 

I sin(/)|”“^(i 0 


Jik) := J 


= 2 


(A:^ + sin^((/)/2)) 2 7 (A:^ + sin^ (/>) 2 


|sin(2(/))|^ ^d(j) 
2 _1_ 


(3.4) 


Then using 


we obtain 


-I- — 2rscos^i = (r — s)^ -I- 4rssin^((/)i/2) 


(/(N)-/(M))^ 


Bi(0)xBi(0) 


'-y|”+i 


dxdy 


= C6 


{f{r) - f{s)y{rs)^ ^ jflr-sW 


0 0 


( 4 rs)’ 


2^/rs J 


drds. (3.5) 


From (3.4) and the elementary inequality 2|2;|/7r ^ | sin 2 ;| ^ \z\ for 2 ; G [—7r/2,7r/2] 
we find that 


-)n—1 


”-2 } An -2 


d(j) 


(fc2 -g (^2^ 


2 

^ J{k) < 2"-!^ 




(fc2 + (2/7r)2,/,2)^ ■ 


Since 


it follows that 


-1-- d(j) = -r 

(l-|-())2) 2 _ 1)(1 _|_ (^ 2 ^ 2 


— -I- const., 


J(fc)>l2"-i^^ 


n-2 


{7r/2ky 


\^/ (n — 1)(1-I-(7r/2fc)2)"2 

1 /7r\"-i (l/A:)”-i 

(n-l)(l + (l/fc)2)'^ 
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1 2”-27r 1 7r"-i 

■pr n — l ^ ^ ^ ~ro n — \ 

^ (n — l)(fc2 + (7r/2)2)T k _|_ 

An application of the elementary inequality 

/7r\2 /7r\2 


*'+(!) ^( 1 ) 


implies that 


1 22"-37r2-’^ ,,, 1 7r”-i 

T? -^ '^(^) ^ T? -■ 

k (n—1)(A:^ + 1) 2 k _|_ 2 


Hence 




2”+i7r”-i(rs)^ 


2y^ / (n — l)(r + 5 )^“^ (n — l)(r + — s)^ 


j(\r-s\\> 4rs 22”-37r2-”(2v^)”-i _ 23"-27r2-”(rs)^ 

V 2 v^j^(r-s )2 + (n-l)(r + s)”-i(?’-s )2 

Substituting these estimates into (3.5) we obtain 

(n- 1 ) J |x-y|-+i ^ I. 

Bi(0)xBi(0) 

Taking C 5 = 2^'^-^rP--^cel(n - 1) we arrive at (3.2). 

Lemma 3. Let (j){-) he a positive increasing function and 

h{r) = ^((1 -r)-i). 

Then for any r G (0,1) 


.-(«-i) / Wa4)" ^ ^ _ h^\ 

e^oj e^ + {r-s)^ V h{s)) 


j „lim f 

e^O J + (u — 1)2 4>{fru) 


du, (3.7) 


where p = (1 — r) ^, n ^ 2. 
Proof. Step 1. We have 


i r i 


= r"-^ / Ids+ (s^-^ -r^-^)Ids, 
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where 


/ =_ ^ 

£2 + (r - s)2 h{s) ) 

Since h{s) is increasing, then / < 0 for s < r, and so 


Thus 


r 

J (s”-i ^0. 

0 

1 

l.h.s. of (3.7) = lim /(min{r, s})"“^/ ds 

e^O J 


^ lim 


0 

1 


e^oj e^ + ir-s)"^ 
0 

Step 2. Let us make the change of the variables 

1 — r 

u = 


1 _ 

h{s)) 


ds. 


1 — s 

in the integral on the r.h.s of (3.8). Elementary calculations give 

1 ' 


s = r + (l — r)[ 1 — 


1 


1 — s 1 — r 


1 


£2 + (r — s)2 £2r(2 -(- (1 _ r)2(r( — 1)2 

ds = —^ du 
u‘‘ 

and 

0<s<l 1 — r ^ u < +00 . 

Consequently, using (3.6) and (3.9)-(3.13) we get 


CXD 

r.h.s. of (3.8) = lirn J 


1 — r 


£2^2 + (1 — r)2('U — 1)2 

OO 

1 


I <■(*) 


lim 


1 — r J (1 — r)~‘^e^u^ (u — 1)^ 

1—r 


1 - 


(3.8) 


(3.9) 


(3.10) 

(3.11) 

(3.12) 

(3.13) 


du 


du. 


(3.14) 


Substituting /i = (1 — r) ^ into (3.14) and making the change e := pL^e we arrive at 


+ 00 


r.h.s. of (3.8) ^ /i lim 


e^O J £2^2 + (m — 1)2 ^(/ru) J 


(3,15) 
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Combining (3.8) and (3.15) completes the proof. 


□ 


Lemma 4. There exist absolute constants cy > 0 and k > 0 such that for any 
0 < w < 1/4 and fj, > 1 


+ CXD 


1 


J £2.^2 _|_ (t>{lXu) J 


/ ^(m.)-^(m) \^ (3.16) 

V Hi^u) J /i- ’ 


where 

(j>{z) = K — Z~‘^ . 

Proof. Substituting (3.17) into the l.h.s of (3.16) and using 


we get 


1 


1 


+ 




(k — p^u^) (k —/i “) {k — p ^){k — p “u ‘^) 


(3.17) 


l.h.s. of (3.16) = lim 




J (£2^2 + (m — 1)2)(k — /r “m “) 


du 




■ 2 l- 


T 


— 2uj 


■B 


(3.18) 


with 


and 


+ 00 


A{p) = lim 


1 — u 


e^O J £2^2 + (u — 1)2 


du 


+ 00 


B{iT) = lim 


{u-‘^ - 1)2 


e^O J (£2^2 + (u — 1)2 )(k — /i-“M-“) 


du 


+ 00 


(u-“ - 1)2 


{u — 1)2 (k — 


du. 


(3.19) 


Let us estimate A{fi) and B{fi). Since p ^ ^ 1 and 1 — u “ < 0 for m < 1, it 
follows that 

+ 00 

f 1 _ 7/-^ 

A{p) ^ lim / - du. (3.20) 

e^O J £2^2 + (u _ 1)2 

0 

For any R G (1, +oo) we put 

7 fi = {m e C : |u| = i?, Imu > 0} , 7 ]j = [0,i7], 7 I = [-77, 0]. 

Let 7 /} be oriented anticlockwise and segments 7 ^, 7 ^ oriented from left to right. 
Due to the fact that for any £ < 1 


I — u 


+ (u — 1)‘ 


■ du ^ 0 as R ^ +00 
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an application of Cauchy’s theorem gives 


+ CX} 


\ — u 


■ du = lim 


1 — u 


+ 00 


J {u— 1 )^ K^+oo J + (w — 1 )^ 

0 7| 

Combining (3.20) and (3.21) we have 


du = 


1 - 

+ (< + 1 )^ 


dt. 


(3.21) 


+ 00 


A{n) > 


1 — cos( 7 ra;)t 

{t + l? 


+ 00 

/ dt 

7 -—TT — cos(ttlo)'>P(<-o) ■ 

(^ + 1 ) 


where 


+ 00 


V’(w) = J 

Using the elementary inequality 


- 1 

F+TF 


dt. 


1 — cos a ^ 


or 


for a G 


TT TT 

'3’31 


we get 


Md) > ■ 


Making the change of the variables t = z ^ we get 


+ CXD 


(Int) 


2m—1 


+ 00 


(t + iy 


■ dt = — 


(In 2 ) 


2m-l 


(z + l)2 


■ dz 


(3.22) 


and so 


Moreover, 


+ 00 

V'(2™-1)(0) = J ^ 


(lnt)2 


(t + iy 


■ dt = 0 for all m G N. 


+ 00 ^ 

^( 2 m)^Q^ _ J dt > 0 for all m G N. 


Applying (3.23), (3.24) to Taylor’s expansion of ip{uj) 


V’F) 

^ ( 2 m)! 

m—1 ^ ' 


= E 




we see that ^ increases for a; > 0 and so 


i;{u 


UJ^ 


^ 16 V’ ( 7 


(3.23) 


(3.24) 


Article submitted to Royal Society 



On localization of pseudo-relativistic energy 


11 


for 0 < w < 1/4. Therefore, by (3.22) we have 

-.2 n 


A{p) > 


-T - leV’ 7 


2 2 
U)^ = CsUJ , 


where 


+ 00 


C 8 = - - 16 


f-4 - 1 

Jt + Tr 


dt « 0.695869349. 


(3.25) 


(3.26) 


We proceed with i3(/i). According to (3.19) 
+ 00 


B{p) = 


{U-^ - 1)2 


{u — 1 ) 2 (k — 


du ^ 


+ 00 

1 f (u-“ - 1)2 


K — 1 


{u-iy 


du. 


Since 

(m““ - 1)^ < a;^(lnu)2(M2‘^ + ^ u;^(lnu)2(M5 + ^“5' 

for all 0 < w < 1/4 and all m > 0, it follows that 

Bit!-) < u;2 , 

/p — 1 


where 


+ 00 ^ ^ 

c,= [ 39.47841761. 

J [u-O 


Combining (3.18) with (3.25), (3.27) we have 
l.h.s. of (3.16) = {A - p- B) ^ 


K — pL 




K — pL ‘ 

K + 1 


C 8 - /i 


cg 


(3.27) 


(3.28) 


K — 1 


C 8 


Cg 

K — 1 


for all ^ > 1 and 0 < w < 1/4. Taking k = 100 and using (3.26), (3.28) we 
obtain (3.16) with 


C7 = 


K + 1 


C 8 


Cg 

K — 1 


0.002941558950. 


□ 


Lemma 5. One has 


Cio 

■ doj ^ 


pi‘^ 1 + (In pty 


for all pi 1 and some absolute constant cio > 0 . 
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Proof. After elementary calculations we get 
1 

2 + 2w In/x + a;^(ln/i)^ I ^ 2 — 

(In fj.)^ ’ 


■= J = 
0 


where 


Since 


S{^^) := 


(In yiYyA 


2 + 2 ^ ln(/r) + 4 ^(In/r) 


N (ln/r)2 

< 0 > 

64/i4 

and so 2 — 5{Y) ^ 2 — S{e) for /x ^ e, it follows that 

, . 2 — (5(e) 2 — 6(e) 

V'(/x) > —^ ^ ^ ’ 


(ln^)3 "l + (ln/i)3 
for fj, ^ e. On the other hand, since 'if'M = ~V’(m)(1'^m) < 0 we get 

♦‘f* ^ ^ 1 +*(in 

for 1 < ^ ^ e. Note that, by (3.29), ■i/5(e) = 2 — 5(e). Taking 


cio = 2 — 5(e) = 2 — 


41 

16 e^ 


0.004322994 


we complete the proof. 

Proof of Proposition 1. Using the left inequality in (3.2) and the fact that 

TS 1 

^ - min{r, s} 


we find 


r + s 2 




Bi(0)xBi(0) 


\x-y\'' 


1 1 




Cb f f (/(O - /(s))2 


2« 1 y y _ g)2 

0 0 

C5 f f (fir) - fis)) 


(min{r, s})” ^ drds 


lim 


2" 3 £^o J J + (r — s)^ 

0 0 

An application of Lemma 1 with to = 1, B = [0,1], 

(min{r, s})"“3 


(min{r, s})" ^ drds . 


K{r, s) = 


£2 + (r - s)2 


(3.29) 


□ 


(3.30) 
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for any positive function h{-) gives 

11 1 

ifir) f{s)) drds > j{f(r) f L^{r) dr , (3.31) 

+ (r - sY J 

0 0 0 



where 


Le{r) = 2 


? (min{r, s})” ^ 

J (£2 + (r - sY) 



ds. 


Let h{-) and </>(•) be defined by (3.6) and (3.17) respectively. An application of 
Lemmas 3 and 4 yields 


+ 00 


\im Ls(r) ^ 2 r^ u lim / ^. ,, x i 

£^0 ^ e^O J e^U^-\-{u—lY V 4>{lJ'U) J 


(pjpu) - 4>{p) \ 


r,n-l ,, , ,2 




2 c 7 r" 


where as before /i = (1 — r) Combining (3.30)-(3.32) we obtain 

1 


in\x\)-f{\y\)r 


k - y\ 


n+1 


dxdy ^ 7—3 


C5C7 / r” 




Bi(0)xBi(0) 

Integrating both sides of (3.33) in u and using Lemma 5 we have 


(3.32) 


dr. (3.33) 


J Iduj J 

0 Bi(0)xBi(0) 




-y\" 


> 


> 


C5C7 /■ r” ^{f{r)Y 


( i 


In —2 


C 5 C 7 C 10 

On—2 


1 — r 


LO 


y 


Vo 

j,n-l(/(^)) 


dio dr 


dr. 


(1 — r)(l — (ln(l — r)Y) 


We put 


where 


C4 = 


4C5C7C10 

2 "- 2 cii 


TT TT TT 

cii = J I sin0i|”“^ J I sin 02 r~^ d 02 X ... X J | sin 0 „_ 2 | d 0„-2 . (3.34) 
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(/(N)-/(M))^ 

\x - y|”+i 


dxdy ^ C 4 C 11 


(l-r)(l-(ln(l-r)) 3 ) 


dr. (3.35) 


Bi(0)xBi(0) 0 

Let us substitute (3.34) into (3.35) and change the variables (r, 6 * 1 ,..., 0„_i) on the 
r.h.s. of (3.35) to Cartesian coordinates. Then (3.1) follows. □ 

4. Lower estimate for the integral representation (1.2). 

General case. 

Here we generalize inequality (3.1) to the case of non-radial functions. Furthermore 
we obtain the analogue of (3.1) for certain class of domains H. 

Lemma 6 . Let f G L'^ (R”,C^), n ^ 2 such that supp f C i3i(0). Then 

f l/(a:) -/(y)IS , ^ f 

Bi(0)xBi(0) Bi(0) 


dx, (4.1) 


where C 4 > 0 zs the absolute constant from Proposition 1. 

Proof. In view of the inequality \f{x) — f{y)\ > ||/(a;)| — \f{y)\\, without loss of 
generality we may assume that f{x) is real-valued. 

For any e G S'" (S" is the unit sphere in R") we put 

T‘^z = 2{z,e)e- z, 

i.e. T® is rotation in R" around e through angle tt. Obviously 

\T<^x-ry\ = \x-y\ (4.2) 

for all X, y G R". 

Making the change of the variables x := T®x, y := T^y and using (4.2) and 
|detT®| = 1 we have 


T _ ii\n+l ^ 




Bi(0)xBi(0) 


Bi(0)xBi(0) 


According to the Cauchy-Schwartz inequality 


and so 


J firx)firy)de ^ y \f{T^x)\^dej ^ |/(T^y)pdej 
J \f{T^x)-f{T^y)\^de 

= J \fiT^x)\^de + J \fiT^y)\^de-2 J f {T<^ x) f {T^ y) de 


> (V'(a;) - 'ip{y)f , 
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where 


:= / \f{T‘'x)\ de 


Using this and integrating (4.3) over all e G S'” gives 
|S"| / 


J |x-y|”+i J \x-y\^+^ ^ ^ ’ 

Si(0)xBi(0) Si(0)xBi(0) 


Note that 'fi(x) depends only on |x|. Hence we can apply Proposition 1. It follows 
that 


Bi(0)xBi(0) 




IV’(a 


Bi(0) 


= C4 


Bi(0) 


(l-N)(l-(ln(l-N))3) 
/ |/(T^a:)|2de 
(l-N)(l-(ln(l-N))3) 




dx. 


Since 




dx = 




7 (1 - |x|)(l - (ln(l - \xm J {1- |(r|)(l - (ln(l - |(r|))3) 

Bi(0) Bi(0) 


dx 


for any e G S", it follows that 

f I7’(a;)-7’(j/)P 


-y\ 


n+1 


dxdy ^ C 4 IS" 




Bi(0)xBi(0) Bi(0) 

Combining (4.4), (4.5) we complete the proof. 


(l-N)(l-(ln(l-N))3) 


dx. 


(4.5) 

□ 


Theorem 2. Let O be a domain in K", n ^ 2. We assume that there exist dijjeo- 
morphism 

(j) : Bi{0) fl 

and some constant C 12 = ci 2 (U) > 1 such that for all u G Hi(0) Vfi^u) > 0 and 

cf 2 ^ ^i{u) ^ C 12 i = l,...,n, (4.6) 

where Xi{u) are eigenvalues of the matrix Vfiiu). Then for some constant 
Ci 4 = Ci 4 (ll) > 0 and any f G L'^(Ll, C^) we have 


Qxn 


\fix)-f{y)\^j , ^ 

W _y\n+1 dxdy > C14 


l/(^)p 

- CLX 

pn(a;)(l + |lnpn(a;)|^) 


where pn{y) := min |y - ?/ol- 
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A.A. Balinsky, A.E. Tyukov 


Proof. Step 1. (4.6) and the fact that det = Ai ... A„ imply that 

0 ( 2 " ^ |detV(()(M)| ^ c "2 , ^ |det V(()“^(a;)| ^ 0 ^ 2 , (4-7) 

for all u G Bi(0) and x G fl. Moreover, for all u,v G Bi(0) an application the mean 
value theorem to 1/^1 (t) = <P{tu + (1 — t)v), t G [0,1] gives 

\4){u) - (/)(v)| = |t/’i(l) - ■*/'i(0)l < max \')P[{t)\ sf Ci 2 \u - v\, (4.8) 

TSlO,!] 

where we have used, by (4.6) 

IV'i(''')l ^ max 11 V(/()(r(;)|| |m — u| ^ max max Ai(rc) lu — v| ^ Ci 2 |u — u|. 

ioGBi{0) w£Bi(0) 


Similarly, for all u,v G i?i(0) we obtain 

lu - ^;| = \'ip 2 {l) - V'2(0)| < max |V’ 2 (r)| < Ci 2 \(j){u) - (j){v)\ , (4.9) 

Te[o.i] 


where'tp 2 {T) = (f) ^{t<P{u) + {1 — t)4>{v)). 

As before we put pd{x) = min \x — z\ for any domain D. Given any x G we 

zedD 

put u = (l)~^{x) and take wq, xi are such that 

PBi{o)iu) = \uo - u\, pn{x) = \xi - x\, 
i.e. Mo, xi deliver minima to corresponding functionals. Applying (4.8) we get 
dBl( 0 )(w) = I^O -U\^ cf 2 \<P{uo) - (j){u)\ = CC 2 V 0 - X\ , 
where xo = 4>{uo). By choice of xi we have \xo — x\^ \xi — x\ and so 

PBi(o)iu) > cf 2 \xi -x\ = cf 2 Pnix) ■ (4.10) 

Along these lines using (4.9) we get 


pnix) ^ C 12 PBi(o)iu) ■ 


(4.11) 


Step 2. Making the change of variables x = ^(u), y = (j){v), using (4.7)-(4.8) 
and letting g = f o f we get 




\f{x) - f{y)\^ ^ , 


Bi(0)xBi(0) 


\g{u)-g{v)\^ 
\(j){u) — ^(m)|”+^ 


I det V(l>{u) det V^(m)| dudv 


> c 


-(3n+l) 

12 


U, _ „|n+l 


Bi(0)xBi(0) 

An application of Lemma 6 yields 

f \9iu)-9{v)? 


— 7ll"+l 


■ dudv ^ C 4 


dudv. 


\9{uW 


(4.12) 


Bi(0)xBi(0) 


Bi(0) 


PBi(0)(m)( 1 - (lnpB^(o)(M))3) 


du. 
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Using (4.10) we find (recall PBi(o){u) < 1) that 

1 - (lnpBj(o)(M))^ < 1 - (lnc(" 2 Vn((/>(u)))^ ^ Ci3(l + |lnpo((/)('u))|^) (4.13) 

for some C 13 = ci 3 (U,ci 2 ) > 0. We apply (4.11), (4.13) and then again make the 
change of variables x = (j){u) and use (4.7) to get 


|g(u) -g(u)|^ 

lu-uh+i 


dudv 


Bi(0)xBi(0) 


^ C12 C4 




Bi(0) 


pn(<('(w))(l + |lnpn(<)i(M))| ) 


■ du 




^12 


C13 C4 


l/(^)P 


pn(x)(l + |lnpn(a:)|'’ 


■ dx. (4.14) 


Combining (4.12), (4.14) and letting C 14 = c 


_ -(4n+2) -1 


Cj ^3 C 4 we complete the proof. □ 
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